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Rankin-Cohen in Number Theory

Rankin-Cohen Brackets
Zagier,Cohen-Manin-Zagier, Eholzer
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Rankin-Cohen in Number Theory

Rankin-Cohen Brackets

Zagier,Cohen-Manin-Zagier, Eholzer

r(N)z{(‘z7 Z)ESLg(Z);(i Z):<

@ [ congruence subgroup of SLy(Z): 3N s.t. T(N) C T.
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Rankin-Cohen in Number Theory

Rankin-Cohen Brackets

Zagier,Cohen-Manin-Zagier, Eholzer

F(N):{(i 2>€SL2(Z);(‘§ Z):(é ?)modN},

@ [ congruence subgroup of SLy(Z): 3N s.t. T(N) C T.
@ modular form: f: H= {z,Im(z) > 0} — Cs.t.
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Rankin-Cohen in Number Theory

Rankin-Cohen Brackets

Zagier,Cohen-Manin-Zagier, Eholzer

F(N):{(i 2>€SL2(Z);(‘§ Z):(é ?)modN},

@ [ congruence subgroup of SLy(Z): 3N s.t. T(N) C T.
@ modular form: f: H= {z,Im(z) > 0} — Cs.t.
@ (holomorphy) f holomorphic,
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Rankin-Cohen in Number Theory

Rankin-Cohen Brackets

Zagier,Cohen-Manin-Zagier, Eholzer

F(N):{(i 2>€SL2(Z);(‘§ Z):(é ?)modN},

@ [ congruence subgroup of SLy(Z): 3N s.t. T(N) C T.
@ modular form: f: H= {z,Im(z) > 0} — Cs.t.
@ (holomorphy) f holomorphic,

a b

@ (modularity of weight 2k) v = < c d ) el,zeH,

az+b
cz+d)’

f(z) = (f‘zky) (2) = (cz + d)~2kf <
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Rankin-Cohen in Number Theory

Rankin-Cohen Brackets

Zagier,Cohen-Manin-Zagier, Eholzer

F(N):{(i 2>€SL2(Z);(‘§ Z):(é ?)modN},

@ [ congruence subgroup of SLy(Z): 3N s.t. T(N) C T.
@ modular form: f: H= {z,Im(z) > 0} — Cs.t.
@ (holomorphy) f holomorphic,

a b

@ (modularity of weight 2k) v = < c d ) el,zeH,

f(2) = (1] ) (@) = (cz + d) 21 (ijjg) ,

@ (growth condition near the boundary) |f(z)| controlled by a
polynomial on max{1,Im(z)~"'}.
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Rankin-Cohen in Number Theory

Rankin-Cohen Brackets

Zagier,Cohen-Manin-Zagier, Eholzer

F(N):{(i 2>€SL2(Z);(‘§ Z):(é ?)modN},

@ [ congruence subgroup of SLy(Z): 3N s.t. T(N) C T.
@ modular form: f: H= {z,Im(z) > 0} — Cs.t.
@ (holomorphy) f holomorphic,

a b

@ (modularity of weight 2k) v = < c d ) el,zeH,

f(z) = (f‘zky) (2) == (cz + d)~2Kf <ijis) ,

@ (growth condition near the boundary) |f(z)| controlled by a
polynomial on max{1,Im(z)~"'}.

@ M(T) =3, Mok().
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Rankin-Cohen in Number Theory

Rankin-Cohen Brackets
Zagier,Cohen-Manin-Zagier, Eholzer

Definition of the Brackets

@ Rankin (1950’s) -Henri Cohen(1975):
bidifferential operators on M(I') producing new modular
forms:
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Rankin-Cohen in Number Theory

Rankin-Cohen Brackets
Zagier,Cohen-Manin-Zagier, Eholzer

Definition of the Brackets

@ Rankin (1950’s) -Henri Cohen(1975):
bidifferential operators on M(I') producing new modular

forms:
o feMu(Nandge My, 0= (1Y)
2k g 2/ ), =\ 24 dz
n n+2k—1\ /n+2/—1
_Z— r (r) o(n=r)
[fvg]n_ ( 1)( n—r )( r >f g 9

r=0
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Rankin-Cohen in Number Theory

Rankin-Cohen Brackets
Zagier,Cohen-Manin-Zagier, Eholzer

Definition of the Brackets

@ Rankin (1950’s) -Henri Cohen(1975):
bidifferential operators on M(I') producing new modular

forms:
o feMu(Nandge My, 0= (1Y)
2k g 2/ ), =\ 24 dz
n n+2k—1\ /n+2/—1
_Z— r (r) o(n=r)
[fvg]n_ ( 1)( n—r )( r >f g 9

r=0

@ [f,9]n € Mokyoi42n(T).
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Rankin-Cohen in Number Theory

Rankin-Cohen Brackets

Zagier,Cohen-Manin-Zagier, Eholzer

@ (Ramanujan) X : Max() = Mox2(T):

xi = 910 gty K,

nz) = q/#*[[(1-4q"), g=€"
n=1
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Rankin-Cohen in Number Theory

Rankin-Cohen Brackets

Zagier,Cohen-Manin-Zagier, Eholzer

@ (Ramanujan) X : Max() = Mox2(T):

xi = 910 gty K,

nz) = q/#*[[(1-4q"), g=€"
n=1

@ Two series of elements by induction: ® € My(I),
fo="190=9,
fr+1 = Xf+ r(r + 2k — 1)¢fr,1,
Os+1 = Xgs+S(s+2/—1)®gs 1.
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Rankin-Cohen in Number Theory

Rankin-Cohen Brackets

Zagier,Cohen-Manin-Zagier, Eholzer

@ (Ramanujan) X : Max() = Mox2(T):

xi = 910 gty K,

nz) = q/#*[[(1-4q"), g=€"
n=1

@ Two series of elements by induction: ® € My(I),
fo="190=9,
fr+1 = Xf+ r(r + 2k — 1)¢fr,1,
Os+1 = Xgs+S(s+2/—1)®gs 1.

@ Zagier:
n

Z(_1),<n +n2_kr— 1> <n+2rl— 1)frgnr _ gl

r=0
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Rankin-Cohen in Number Theory

Rankin-Cohen Brackets

Zagier,Cohen-Manin-Zagier, Eholzer

Cohen-Manin-Zagier:
{formal series with modular form coefficients}

)

{formal invariant pseudodifferential operators}
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Rankin-Cohen in Number Theory

Rankin-Cohen Brackets

Zagier,Cohen-Manin-Zagier, Eholzer

Cohen-Manin-Zagier:
{formal series with modular form coefficients}
)
{formal invariant pseudodifferential operators}
Question : Find cy(k,/) s.t.: f € Moy, g € My,

//’(f7g) = Z Cn(k7 I)[f7 g]nhn

n=0

+ bilinearity = an associative product on M|[%]].
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Rankin-Cohen in Number Theory

Rankin-Cohen Brackets

Zagier,Cohen-Manin-Zagier, Eholzer

Cohen-Manin-Zagier:
{formal series with modular form coefficients}

)

{formal invariant pseudodifferential operators}
Question : Find cy(k,/) s.t.: f € Moy, g € My,

//’(f7g) = Z Cn(k7 I)[f7 g]nhn

n=0
+ bilinearity = an associative product on M|[%]].
Cohen-Manin-Zagier:

1 —k\ (—k—1\ (n+k+I (n+k+1-1
Cn(k, ) = ta(k, 1) := (772/) Z ( r()(Zk)r ) ( (Zn+)2l((+2132) )
n r+s=n r S
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Rankin-Cohen in Number Theory

Rankin-Cohen Brackets

Zagier,Cohen-Manin-Zagier, Eholzer

Eholzer(conjecture): cy(k, /) = 1 give a solution to the above
question.
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Rankin-Cohen in Number Theory

Rankin-Cohen Brackets

Zagier,Cohen-Manin-Zagier, Eholzer

v € SLy(C) action on functions ¢ € C*°(H):

(WE€)(2) = £(7.2)(cz + d)".
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Rankin-Cohen in Number Theory

Rankin-Cohen Brackets

Zagier,Cohen-Manin-Zagier, Eholzer

v € SLy(C) action on functions ¢ € C*°(H):

(WF)(2) = &(v.2)(cz + )"

(Wre0r€) (2) = (cz + d)Z%g’(y.z) + k(cz + d)E(v.2).
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Rankin-Cohen in Number Theory

Rankin-Cohen Brackets

Zagier,Cohen-Manin-Zagier, Eholzer

v € SLy(C) action on functions ¢ € C*°(H):
(Wi€)(2) = £(v-2)(cz + d)".

(Wre0r€) (2) = (cz + d)Z%g’(y.z) + k(cz + d)E(v.2).

@ One can define

<_k> <—k+ k- 1>
Dr(f0) =3 ~D T L fmykn,

5
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Rankin-Cohen in Number Theory

Rankin-Cohen Brackets

Zagier,Cohen-Manin-Zagier, Eholzer

v € SLy(C) action on functions ¢ € C*°(H):
(Wi€)(2) = £(v-2)(cz + d)".

(Wre0r€) (2) = (cz + d)Z%g’(y.z) + k(cz + d)E(v.2).

@ One can define

(—k><—k+n—1>
Dry(1,0) = 3 ST L fmgken,
50

° Dik(f‘Zk’Y?a) = W,’;*Dik(ﬂ O)Wj
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Rankin-Cohen in Number Theory

Rankin-Cohen Brackets

Zagier,Cohen-Manin-Zagier, Eholzer

@ Cohen-Manin-Zagier:

" —K\ (—k+r—1\ (n+ktl—rY (k-1
cn(k, 1) = ta(k, 1) = = Z L )(f2kr )L §n+22<$2/f§ )
( n ) r+s=n ( r ) ( s )

define an associative product.
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Rankin-Cohen in Number Theory

Rankin-Cohen Brackets

Zagier,Cohen-Manin-Zagier, Eholzer

@ Cohen-Manin-Zagier:

. 1 (—k) (—k+n—1) (n+k+l—n) (n+k+l—1)
cn(k, 1) = th(k, 1) = (fT - (f2k)r (;n+2k+2l—§)
n ) r+s=n r s

define an associative product.

@ The coefficients are conjectured to be equal to(in order to
= Eholzer)

th(k, 1)

Il
/T\
A=
~__
>
v
o
N
N5
~__
g
T
N—
SN—
g
T
=
S—
—
3>
+
=
T
l\)l\w
S—
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Rankin-Cohen in NCG
Hopf algebra H ¢
Connes-Moscovici ‘03

Hopf algebra for transverse geometry of foliations

In their study of index theory for operators elliptic transverse to
a foliation, Connes and Moscovic discovered a sequence of
Hopf algebras, H,, which governs the transversal geometry of
a foliation with codim=n.
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Rankin-Cohen in NCG
Hopf algebra H ¢
Connes-Moscovici '03

General setup:

@ M : smooth manifold,
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Rankin-Cohen in NCG
Hopf algebra H ¢
Connes-Moscovici '03

General setup:

@ M : smooth manifold,
@ F: foliation on M of codimension n,
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Rankin-Cohen in NCG
Hopf algebra H ¢
Connes-Moscovici '03

General setup:

@ M : smooth manifold,
@ F: foliation on M of codimension n,
@ X: complete flat transversal to F,
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Rankin-Cohen in NCG
Hopf algebra H ¢
Connes-Moscovici '03

General setup:

@ M : smooth manifold,

@ F: foliation on M of codimension n,
@ X: complete flat transversal to F,
@ FX: frame bundle of X,
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Rankin-Cohen in NCG
Hopf algebra H ¢
Connes-Moscovici '03

General setup:

@ M : smooth manifold,

@ F: foliation on M of codimension n,
@ X: complete flat transversal to F,
@ FX: frame bundle of X,

@ [: holonomy pseudogroup.
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Rankin-Cohen in NCG
Hopf algebra H ¢
Connes-Moscovici ‘03

General setup:

@ M : smooth manifold,

@ F: foliation on M of codimension n,
@ X: complete flat transversal to F,
@ FX: frame bundle of X,

@ [: holonomy pseudogroup.

“Transverse geometry” consists of the transversal X along with
the action by the holonomy TI'.
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Rankin-Cohen in NCG
Hopf algebra H ¢
Connes-Moscovici ‘03

General setup:

@ M : smooth manifold,

@ F: foliation on M of codimension n,
@ X: complete flat transversal to F,
@ FX: frame bundle of X,

@ [: holonomy pseudogroup.

“Transverse geometry” consists of the transversal X along with
the action by the holonomy TI'.
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Rankin-Cohen in NCG
Hopf algebra H ¢
Connes-Moscovici ‘03

General setup:

@ M : smooth manifold,
@ F: foliation on M of codimension n,
@ X: complete flat transversal to F,
@ FX: frame bundle of X,
@ [: holonomy pseudogroup.
“Transverse geometry” consists of the transversal X along with

the action by the holonomy TI'.
Example: Kronecker foliation.
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Rankin-Cohen in NCG
Hopf algebra H ¢
Connes-Moscovici '03

Codimension one foliation

@ Complete transversal X: flat 1-dim manifold;
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Rankin-Cohen in NCG
Hopf algebra H ¢
Connes-Moscovici '03

Codimension one foliation

@ Complete transversal X: flat 1-dim manifold;
@ Oriented frame bundle F* X is diffeomorphic to X x R;
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Rankin-Cohen in NCG
Hopf algebra H ¢
Connes-Moscovici ‘03

Codimension one foliation

@ Complete transversal X: flat 1-dim manifold;
@ Oriented frame bundle F* X is diffeomorphic to X x R;

@ [ : discrete holonomy pseudogroup acting on X as local
diffeomorphisms.
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Rankin-Cohen in NCG
Hopf algebra H ¢
Connes-Moscovici ‘03

Codimension one foliation

@ Complete transversal X: flat 1-dim manifold;
@ Oriented frame bundle F* X is diffeomorphic to X x R;

@ [ : discrete holonomy pseudogroup acting on X as local
diffeomorphisms.

@ Coordinates : x onthe X, y on R;
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Rankin-Cohen in NCG
Hopf algebra H ¢
Connes-Moscovici ‘03

Codimension one foliation

@ Complete transversal X: flat 1-dim manifold;
@ Oriented frame bundle F* X is diffeomorphic to X x R;

@ [ : discrete holonomy pseudogroup acting on X as local
diffeomorphisms.

@ Coordinates : x onthe X, y on R;
o Lifted action of ' on FT X:

(X, y) = (¢(x),¢'(x)y), Voel.
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Rankin-Cohen in NCG
Hopf algebra H ¢
Connes-Moscovici ‘03

Codimension one foliation

@ Complete transversal X: flat 1-dim manifold;
@ Oriented frame bundle F* X is diffeomorphic to X x R;

@ [ : discrete holonomy pseudogroup acting on X as local
diffeomorphisms.

@ Coordinates : x onthe X, y on R;
o Lifted action of ' on FT X:

(X, y) = (o(x),¢'(x)y), Voel.
dx Ady

@ l-invariant volume formon F+X : w = %
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Rankin-Cohen in NCG
Hopf algebra H ¢
Connes-Moscovici '03

Foliation algebras

On the Hilbert space L?(F*t X, d%‘”’),

Yi-dun YA #  NCGand RG Brackets d’@preés Cohen, Coh



Rankin-Cohen in NCG
Hopf algebra H ¢
Connes-Moscovici '03

Foliation algebras

On the Hilbert space L2(Ft X, dXydey),we consider two types of
operators:
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Rankin-Cohen in NCG
Hopf algebra H ¢
Connes-Moscovici '03

Foliation algebras

On the Hilbert space L2(Ft X, dXydey),we consider two types of
operators:

@ For f € C°(F* X), define My : £ — f¢, for all
gel? (F+X, e )
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Rankin-Cohen in NCG
Hopf algebra H ¢
Connes-Moscovici ‘03

Foliation algebras

On the Hilbert space L2(Ft X, dxy%dy),we consider two types of
operators:

@ For f € C°(F* X), define My : £ — f¢, for all
cel? (F+X, dxy%dy)

@ For ¢ €T, define Uy, : £ — ¢*(§) = £ o ¢, for all
e l? <F+X, deL;W)
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Rankin-Cohen in NCG
Hopf algebra H ¢
Connes-Moscovici ‘03

Foliation algebras

On the Hilbert space L2(Ft X, dxy%dy),we consider two types of
operators:

@ For f € C°(F* X), define My : £ — f¢, for all
gel? (F+X, dxy%dy)
@ For ¢ €T, define Uy, : £ — ¢*(§) = £ o ¢, for all
£el? <F+X, deL;W)
Foliation algebra Ar: the algebra generated by My and Uy, with
the relations UsM; = M. (1) Us.
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Rankin-Cohen in NCG
Hopf algebra H ¢
Connes-Moscovici ‘03

Foliation algebras

On the Hilbert space L2(Ft X, dxy%dy),we consider two types of
operators:

@ For f € C°(F* X), define My : £ — f¢, for all
gel? (F+X, dxy%dy)
@ For ¢ €T, define Uy, : £ — ¢*(§) = £ o ¢, for all
£el? <F+X, deL;W)
Foliation algebra Ar: the algebra generated by My and Uy, with
the relations UsM; = My Us. Ar = CZ°(FTX) xT.
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Rankin-Cohen in NCG
Hopf algebra H ¢
Connes-Moscovici '03

Vector fields on F X

On F*X, we consider vector fields X = ydx and Y = y9,.
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Rankin-Cohen in NCG
Hopf algebra H ¢
Connes-Moscovici '03

Vector fields on F X

On F* X, we consider vector fields X = ydy and Y = y9,. X
and Y act on the foliation algebra Ar = CZ(F*X) x I by

X(fUy) = X(F)Uy, Y(fUy) = Y(F)Us,.
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Rankin-Cohen in NCG
Hopf algebra H ¢
Connes-Moscovici ‘03

Vector fields on F X

On F* X, we consider vector fields X = ydy and Y = y9,. X
and Y act on the foliation algebra Ar = CZ(F*X) x I by

X(fUy) = X(F)Uy, Y(fUy) = Y(F)Us,.

It is easy to check that Y is invariant under the I' action, but X
is not.

o "(x),,

UeXUy ™ = X =¥ =)
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Rankin-Cohen in NCG
Hopf algebra H ¢
Connes-Moscovici '03

Higher operations

@ Linear operator 6 on Ar:
61(fUyp) = prp—11Usy,

o~ 1"(x)

here p,—1(x,y) = .
where fi,-1(X, ¥) F=um
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Rankin-Cohen in NCG
Hopf algebra H ¢
Connes-Moscovici '03

Higher operations

@ Linear operator 6 on Ar:

51(fUs) = prg-1 fUs,

6" (x)
h (X, y) = .
where p,-1(X, y) yd)_1 )

(*] [Y, (51] = 41, but [X, (51] = 0o, where
52(fU¢) = X(/L¢_1)fU¢.
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Rankin-Cohen in NCG
Hopf algebra H ¢
Connes-Moscovici ‘03

Higher operations

@ Linear operator 6 on Ar:

51(fUs) = prg-1 fUs,

6" (x)
h (X, y) = .
where p,-1(X, y) yd)_1 )

(*] [Y, (51] = 41, but [X, (51] = 0o, where
52(fU¢) = X(M¢_1)fU¢.

@ Introduce the sequence of operators ¢, acting on Ar:

n(fUs) = X"V (py1)fUs.
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Rankin-Cohen in NCG

Hopf algebra H ¢

Connes-Moscovici ‘03

‘H1: universal envelopping algebra of the Lie algebra H;
generated by X, Y,d0,, neN

[Y,X] — X B [Y,(Sn] — n(Sn,
[X,(Sn]:5n+1 , [5;(,5(]:0, nk¢>1.
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Rankin-Cohen in NCG

Hopf algebra H ¢

Connes-Moscovici ‘03

‘H1: universal envelopping algebra of the Lie algebra H;
generated by X, Y,d0,, neN

[Y,X]:X B [Y,(Sn]:n(Sn,
[Xv(sn]:(sn—l-‘l ’ [61(75(]:07 nvkaEZ‘I'
@ coproduct : A :Hy — Hi Q@ Hq

AY=Y14+1Y, AX = X1+1X+s#QY
Ady = 0101 +1®6
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Rankin-Cohen in NCG

Hopf algebra H ¢

Connes-Moscovici ‘03

‘H1: universal envelopping algebra of the Lie algebra H;
generated by X, Y,d0,, neN

[Y,X]:X B [Y,(Sn]:n(Sn,
[Xv(sn]:(sn—l-‘l ’ [61(75(]:07 nvkaEZ‘I'
@ coproduct : A :Hy — Hi Q@ Hq

AY=Y14+1Y, AX = X1+1X+s#QY
Ady = 0101 +1®6

@ antipod:

S(Y)=-Y,S(X)=-X+6Y, S(6;) = 65
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Rankin-Cohen in NCG
Hopf algebra # 4
Connes-Moscovici ‘03

Modular Hecke Algebra

M(T(N)) := ZE Mok (T(N)), MO(T(N)) := ZE MY, (T(N))
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Rankin-Cohen in NCG
Hopf algebra # 4
Connes-Moscovici ‘03

Modular Hecke Algebra

M(T(N)) := ZE Mok (T(N)), MO(T(N)) := ZE MY, (T(N))

@ we define
M= lim M(T(N)), resp. M®:= lim M°(T(N)).
N—o0 N—oo

@ An operator Hecke form of level T is a map

F:F\GLZ(Q) - M,
N — F,eM,
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Rankin-Cohen in NCG
Hopf algebra # 4
Connes-Moscovici ‘03

Modular Hecke Algebra

M(T(N)) := ZE Mok (T(N)), MO(T(N)) := ZE MY, (T(N))

@ we define
M= lim M(T(N)), resp. M®:= lim M°(T(N)).
N—o0 N—oo

@ An operator Hecke form of level T is a map

F:F\GLZ(Q) - M,
N — F,eM,

@ has finite support, which satisfies the covariance condition:
Foy (2) = Foly(2) = Fa(v.2), Vo€ GLI(Q),y€T,z€H.
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Rankin-Cohen in NCG
Hopf algebra # 4
Connes-Moscovici ‘03

Modular Hecke Algebra

A(I): associative algebra for the product

(F'«F?)a:= Y Fi-FZ.B.
BEMGLE (Q)
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Rankin-Cohen in NCG
Hopf algebra # 4
Connes-Moscovici ‘03

Action of the Hopf algebra 71 on A(I')

- <Y _ - = 4. — k-
°Xf_27ri82 5 az(Iogn) kf, Y(f)=k-f.
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Rankin-Cohen in NCG
Hopf algebra # 4
Connes-Moscovici ‘03

Action of the Hopf algebra 71 on A(I')

19 10, -
o [Y,X] = X.
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Rankin-Cohen in NCG
Hopf algebra # 4
Connes-Moscovici ‘03

Action of the Hopf algebra 71 on A(I')

19 109 A -
° Xf_%ﬁ—%&(bgn )-kf, Y(f)=k-f.
° [va]:X
_(a b n
° FOW—<C d)eGL (2,Q),
1 . . 2ric
1y (2) = 22 <sz’7(2) - G5(2) + cz+d>

. 1 2 y

m>1nez m,n>1

@ Notice here p, =0 if a € SLy(Z).
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Rankin-Cohen in NCG
Hopf algebra # 4

Connes-Moscovici ‘03

Action of the Hopf algebra 71 on A(I')

For an element F € A(T"), we define

(Fla = Y(Fa), FeAll),a e GT(Q),

Y
X(F)a = X(Fa.),

5n(F)a = ,u’n,oz : FOé7 /’Ln706 = Xni‘l (MOC)7 nec N

NGG and RC Brackets d’apres Cohen, Cohen-M
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Rankin-Cohen in NCG
Hopf algebra # 4
Connes-Moscovici ‘03

Action of the Hopf algebra 71 on A(I')

For an element F € A(T"), we define

Y(F)a = Y(F.), FeAl),ac G"(Q),
X(F)a = X(Fa),
0n(Fla = tna-Fa, pna = X”q(ua), neN

@ Theorem(Connes-Moscovici) Let I be a congruence
subgroup.
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Rankin-Cohen in NCG
Hopf algebra # 4
Connes-Moscovici ‘03

Action of the Hopf algebra 71 on A(I')

For an element F € A(T"), we define

Y(F)a = Y(F.), FeAl),ac G"(Q),
X(F)a = X(Fa),
0n(Fla = tna-Fa, pna = X”q(ua), neN

@ Theorem(Connes-Moscovici) Let I be a congruence
subgroup.

10. The Hopf algebra H acts on the algebra A(I").
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Rankin-Cohen in NCG
Hopf algebra # 4
Connes-Moscovici ‘03

Action of the Hopf algebra 71 on A(I')

For an element F € A(T"), we define

Y(F)a = Y(F.), FeAl),ac G"(Q),
X(F)a = X(Fa),
0n(Fla = tna-Fa, pna = X”q(ua), neN

@ Theorem(Connes-Moscovici) Let I be a congruence
subgroup.

10. The Hopf algebra H acts on the algebra A(I").
20. The Schwarz derivation &, = d, — 342 is inner and is
implemented by wy = —5E4 € A(T).
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Rankin-Cohen in NCG
Hopf algebra # 4
Connes-Moscovici ‘03

Projective H4 actions

‘H¢ acts on an algebra A: projectivity < Q € A,
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Rankin-Cohen in NCG
Hopf algebra # 4
Connes-Moscovici ‘03

Projective H4 actions

‘H¢ acts on an algebra A: projectivity < Q € A,
1. 0p(a) =Qa—aQ,Vaec A,
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Rankin-Cohen in NCG
Hopf algebra # 4
Connes-Moscovici ‘03

Projective H4 actions

‘H¢ acts on an algebra A: projectivity < Q € A,
1. 0p(a) =Qa—aQ,Vaec A,
2. ()= 0, Yk e N.
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Rankin-Cohen in NCG
Hopf algebra # 4
Connes-Moscovici ‘03

Projective H4 actions

‘H¢ acts on an algebra A: projectivity < Q € A,
1. 0p(a) =Qa—aQ,Vaec A,
2. ()= 0, Yk e N.

1
At = S(X)A,—nQP° <Y—”2)An1,

Byii = XBn—nQ <Y— n;1)B,,_1,

where A_1 =0, Ap:=1and By :=1, By := X.
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Rankin-Cohen in NCG
Hopf algebra # 4
Connes-Moscovici ‘03

Projective H4 actions

‘H¢ acts on an algebra A: projectivity < Q € A,
1. 0p(a) =Qa—aQ,Vaec A,
2. ()= 0, Yk e N.

-1
At = S(X)A,—nQP° <Y—”2) An 1,
n—1
where A_1 =0, Ap:=1and By :=1, By := X.

n
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Rankin-Cohen in NCG

Hopf algebra # 4

Connes-Moscovici ‘03

(Cohen-Manin-Zagier, Eholzer)+(Full Injectivity) =
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Rankin-Cohen in NCG

Hopf algebra # 4

Connes-Moscovici ‘03

(Cohen-Manin-Zagier, Eholzer)+(Full Injectivity) =

@ Theorem(Connes-Moscovici) The functor RC, := > RC,
applied to any algebra .A endowed with a projective
structure yields a family of formal associative deformations
of A, whose products are given by

fxg=> RCy(f,g)n".
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Rankin-Cohen in NCG

Hopf algebra # 4

Connes-Moscovici ‘03

Universal Deformation Formula (UDF) for a Hopf algebra H:
FeH®H:

(A N)F)(Fe1)=(12A)F)(1®F).
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Rankin-Cohen in NCG

Hopf algebra # 4

Connes-Moscovici ‘03

We are interested in the following questions:

Yi-dun YA #  NCGand RG Brackets d’@preés Cohen, Coh



Rankin-Cohen in NCG

Hopf algebra # 4

Connes-Moscovici ‘03

We are interested in the following questions:

@ 1. Give other interpretations (geometric, etc.) for these
brackets.
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Rankin-Cohen in NCG

Hopf algebra # 4

Connes-Moscovici ‘03

We are interested in the following questions:

@ 1. Give other interpretations (geometric, etc.) for these
brackets.

@ 2. Look for properties of these formal deformations.
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Rankin-Cohen in NCG

Hopf algebra # 4

Connes-Moscovici ‘03

We are interested in the following questions:
@ 1. Give other interpretations (geometric, etc.) for these
brackets.
@ 2. Look for properties of these formal deformations.
@ 3. Give a proof of the equivalence of the coefficients.
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Rankin-Cohen in NCG

Hopf algebra # 4

Connes-Moscovici ‘03

We are interested in the following questions:
@ 1. Give other interpretations (geometric, etc.) for these
brackets.
@ 2. Look for properties of these formal deformations.
@ 3. Give a proof of the equivalence of the coefficients.
@ 4. Why we study these stuffs?
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Rankin-Cohen via Fedosov Fedosov’s Construction

Bieliavsky-Tang-Yao

@ (M,w) symplectic manifold of dimension 2n.
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Rankin-Cohen via Fedosov Fedosov’s Construction

Bieliavsky-Tang-Yao

@ (M,w) symplectic manifold of dimension 2n.
@ Weyl Algebra Wy: the formal series

a(y,h)= Y Hak.y*,
k,|a|>0
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Rankin-Cohen via Fedosov Fedosov’s Construction

Bieliavsky-Tang-Yao

@ (M,w) symplectic manifold of dimension 2n.
@ Weyl Algebra Wy: the formal series

a(y,h)= Y Hak.y*,
k,|a|>0

@ 7 : formal parameter , y = (y',...,y?") € T4M,
a:(a17"'7a2n)sya:(y1)a1”'(y2n)a2n'
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Fedosov’s Construction
Bieliavsky-Tang-Yao

Rankin-Cohen via Fedosov

@ (M,w) symplectic manifold of dimension 2n.
@ Weyl Algebra Wy: the formal series

a(y,h)= Y Hak.y*,

kv‘O"ZO

@ 7 : formal parameter , y = (y',...,y?") € T4M,
a = (041a---7042n) s ya = (y1)a1 ._'(y2n)a2,7'
@ The Moyal Product: for a,b € W,

aob = exp
K1 oka okb

> ih o
B k:0<_2> ki oy .- dylk oy ... dylk’

NGG and RC Brackets d’apres Cohen, Cohen-M
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Rankin-Cohen via Fedosov Fedosov’s Construction

Bieliavsky-Tang-Yao

W: Weyl algebra bundle
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Rankin-Cohen via Fedosov Fedosov’s Construction

Bieliavsky-Tang-Yao

W: Weyl algebra bundle

@ D abelian connection (of Fedosov) :
re(We A) — (W \), Leibnitz + vae r<~(W e \),
D?a=0.
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Rankin-Cohen via Fedosov Fedosov’s Construction

Bieliavsky-Tang-Yao

W: Weyl algebra bundle

@ D abelian connection (of Fedosov) :
re(We A) — (W \), Leibnitz + vae r<~(W e \),
D?a=0.

e Wp:={a Da=0}.
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Rankin-Cohen via Fedosov Fedosov’s Construction

Bieliavsky-Tang-Yao

W: Weyl algebra bundle

@ D abelian connection (of Fedosov) :
re(We A) — ree(We A), Leibnitz + vae re(W e A),
D?a=0.

e Wp:= {a, Da = O}

@ Theorem(Fedosov) For all ay € C°(M)[[#]], there exists a
unique section a € Wp, noted as o~ '(ap), such that
o(a) = ap.
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Rankin-Cohen via Fedosov Fedosov’s Construction

Bieliavsky-Tang-Yao

W: Weyl algebra bundle

@ D abelian connection (of Fedosov) :
re(We A) — ree(We A), Leibnitz + vae re(W e A),
D?a=0.

e Wp:= {a, Da = O}

@ Theorem(Fedosov) For all ay € C°(M)[[#]], there exists a
unique section a € Wp, noted as o~ '(ap), such that
o(a) = ap.

@ o(a): o(a) = a(x,0,h).
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Rankin-Cohen via Fedosov Fedosov’s Construction

Bieliavsky-Tang-Yao

W: Weyl algebra bundle

@ D abelian connection (of Fedosov) :
re(We A) — ree(We A), Leibnitz + vae re(W e A),
D?a=0.

e Wp:= {a, Da = O}

@ Theorem(Fedosov) For all ay € C°(M)[[#]], there exists a
unique section a € Wp, noted as o~ '(ap), such that
o(a) = ap.

@ o(a): o(a) = a(x,0,h).

@ Corollary Wp + C>°(M)[[R]]. We can then define on
C>°(M)[[r]] an associative product

axb=oa(c" (@)oo (b))
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Rankin-Cohen via Fedosov Fedosov’s Construction

Bieliavsky-Tang-Yao

Universal Deformation Formula (UDF) for a Hopf algebra H:
F e H ® H[[A]):

(A N)F)(Fe1)=(12A)F)(1®F).
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Rankin-Cohen via Fedosov Fedosov’s Construction

Bieliavsky-Tang-Yao

Universal Deformation Formula (UDF) for a Hopf algebra H:
F e H ® H[[A]):

(A N)F)(Fe1)=(12A)F)(1®F).

@ hy : Solvable 2 dimensional Lie algebra, [Y,X]=X
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Rankin-Cohen via Fedosov Fedosov’s Construction
Bieliavsky-Tang-Yao

Geom. Interp. of RC def.: Simplified case

UDF for U(hy):
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Rankin-Cohen via Fedosov Fedosov’s Construction
Bieliavsky-Tang-Yao

Geom. Interp. of RC def.: Simplified case

UDF for U(hy):
@ (Connes-Moscovici)reduced Rankin-Cohen:

RCreq = g "Z[ < >Xk(2Y+k),, k@ X"KQ2Y 4+ n— k)k
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Rankin-Cohen via Fedosov Fedosov’s Construction
Bieliavsky-Tang-Yao

Geom. Interp. of RC def.: Simplified case

UDF for U(hy):
@ (Connes-Moscovici)reduced Rankin-Cohen:

RCreq = g "Z[ < >Xk(2Y+k),, k@ X"KQ2Y 4+ n— k)k

@ (BTY) reduced Rankin-Cohen =~ Moyal over Hi;
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Rankin-Cohen via Fedosov Fedosov’s Construction
Bieliavsky-Tang-Yao

Geom. Interp. of RC def.: Simplified case

UDF for U(hy):
@ (Connes-Moscovici)reduced Rankin-Cohen:

RCreq = g "Z[ < >Xk(2Y+k),, k@ X"KQ2Y 4+ n— k)k

@ (BTY) reduced Rankin-Cohen =~ Moyal over Hi;
@ (Giaquinto-Zhang)

0© p N
F=3 031y (';) XY, @ X Yor,
n=0 " r=0
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Rankin-Cohen via Fedosov Fedosov’s Construction
Bieliavsky-Tang-Yao

Geom. Interp. of RC def.: Simplified case

UDF for U(hy):
@ (Connes-Moscovici)reduced Rankin-Cohen:

RCreq = g "Z[ < >Xk(2Y+k),, k@ X"KQ2Y 4+ n— k)k

@ (BTY) reduced Rankin-Cohen =~ Moyal over Hi;
@ (Giaquinto-Zhang)

— h" : (N n—r r
F=3 237 (-1) (r>x Y, ® X Yo_r,

n=0 " r=0

@ (BTY)Giaquinto-Zhang =~ Moyal over H.
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Rankin-Cohen via Fedosov Fedosov’s Construction
Bieliavsky-Tang-Yao

Geom. Interp. of RC Deformations

On the upper-half plane, we construct the connection:

Dl v, 010
8?(1 aX1 - HAL 2 an’ %6@ N 2X26X17
v, 2 _ 12 o __ 19
%3X1 N 2Xo 3X~|7 %BXQ N 2Xo 8x2'
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Rankin-Cohen via Fedosov Fedosov’s Construction
Bieliavsky-Tang-Yao

Geom. Interp. of RC Deformations

On the upper-half plane, we construct the connection:

Dl v, 010
8?(1 aX1 - HAL 2 an’ %6@ N 2X2({9X17
v, 2 _ 12 o __ 19
%3X1 N 2Xo 3X~|7 %BXQ N 2Xo 8x2'

@ Da= 0 — system of differential equations;
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Rankin-Cohen via Fedosov Fedosov’s Construction
Bieliavsky-Tang-Yao

Geom. Interp. of RC Deformations

On the upper-half plane, we construct the connection:

Dl v, 010
8?(1 aX1 - HAL 2 an’ %6@ N 2X2({9X17
v, 2 _ 12 o __ 19
%3X1 N 2Xo 3X~|7 %BXQ N 2Xo 8x2'

@ Da= 0 — system of differential equations;
@ apo = f, resolution by induction.
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Rankin-Cohen via Fedosov Fedosov’s Construction
Bieliavsky-Tang-Yao

Geom. Interp. of RC Deformations

On the upper-half plane, we construct the connection:

Dl v, 010
8?(1 aX1 - HAL 2 an’ %6@ N 2X2({9X17
v, 2 _ 12 o __ 19
%3X1 N 2Xo 3X~|7 %BXQ N 2Xo 8x2'

@ Da= 0 — system of differential equations;
@ apo = f, resolution by induction.

— 10 — _y, 0
° X= Xo OX1 Y= X28X2’

Ant1 = —XAm — m% (Y - mT—1) Am-1,

2

Byt = XBn—mi (Y - m=1) Bpy.

2
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Rankin-Cohen via Fedosov Fedosov’s Construction
Bieliavsky-Tang-Yao

Geom. Interp. of RC Deformations

(Bieliavsky-Tang-Yao)

@ Geometric Realization of Rankin-Cohen Deformations
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Rankin-Cohen via Fedosov Fedosov’s Construction
Bieliavsky-Tang-Yao

Geom. Interp. of RC Deformations

(Bieliavsky-Tang-Yao)
@ Geometric Realization of Rankin-Cohen Deformations
° +
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Rankin-Cohen via Fedosov Fedosov’s Construction
Bieliavsky-Tang-Yao

Geom. Interp. of RC Deformations

(Bieliavsky-Tang-Yao)
@ Geometric Realization of Rankin-Cohen Deformations
° +
° Full Injectivity
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Rankin-Cohen via Fedosov Fedosov’s Construction
Bieliavsky-Tang-Yao

Geom. Interp. of RC Deformations

(Bieliavsky-Tang-Yao)
@ Geometric Realization of Rankin-Cohen Deformations
° +
° Full Injectivity
@ =Deformation Formula on the Hopf algebra level

Yidun YAO # —5 | NCGand RG Brackets d'@prés Cohen, Cohen-M



Rankin-Cohen via Fedosov Fedosov’s Construction
Bieliavsky-Tang-Yao

Geom. Interp. of RC Deformations

(Bieliavsky-Tang-Yao)
@ Geometric Realization of Rankin-Cohen Deformations
° +
° Full Injectivity
@ =Deformation Formula on the Hopf algebra level
@ (Bieliavsky-Tang-Yao)

connection < €.
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Rankin-Cohen via Fedosov Fedosov’s Construction

Bieliavsky-Tang-Yao

(Tang-Yao)using Fedosov’s quantization of symplectic
diffeomorphisms, we found a universal formula for 1 without
any projectivity assumption.
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Rankin-Cohen via Fedosov Fedosov’s Construction

Bieliavsky-Tang-Yao

(Tang-Yao)using Fedosov’s quantization of symplectic
diffeomorphisms, we found a universal formula for 1 without
any projectivity assumption.

Question: Explicit formula?
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From Modular Forms to Discrete Series
Rankin-Cohen via Representation Applications to Formal Deformations

Construction of Discrete Series

Mak(T) > f & (02kf)(g) € C*(M\SL2(R)),

9) -
f o (ouf)(g) = (ci+d) (i:ﬂ) 7
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From Modular Forms to Discrete Series
Rankin-Cohen via Representation Applications to Formal Deformations

Construction of Discrete Series

Mak(T) > f & (02kf)(g) € C*(M\SL2(R)),

9)
. . _ok al+b
f o (ouh)g) = (ci+d) f(ci+d |

@ Natural right action of SLy(R) on C>°(I'\ SL>(R)):
(w(h)F)(9) = F(gh),
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From Modular Forms to Discrete Series
Rankin-Cohen via Representation Applications to Formal Deformations

Construction of Discrete Series

Ma(F) > f = (02kf)(g) € C(M\SL2(R)),
9)

. _ ai+b
f < (o2kf)(9) = (ci+d) 2kf(ci+d :

@ Natural right action of SLy(R) on C>*(I'\SL2(R)):
(w(h)F)(9) = F(gh),

@ Representation of SLy(R) — Representation of the
complexified Lie algebra s/o(C).
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From Modular Forms to Discrete Series
Rankin-Cohen via Representation Applications to Formal Deformations

Construction of Discrete Series

Ma(F) > f = (02kf)(g) € C(M\SL2(R)),
9)

. _ al+b
f o (02kf)(9) = (ci+ d) 2kf(ci+d ,

@ Natural right action of SLy(R) on C>*(I'\SL2(R)):
(w(h)F)(9) = F(gh),

@ Representation of SLy(R) — Representation of the
complexified Lie algebra s/o(C).

@ ltis a discrete series of weight 2k.
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From Modular Forms to Discrete Series
Rankin-Cohen via Representation Applications to Formal Deformations

Construction of Discrete Series

Mak(T) > f & (02kf)(g) € C*(M\SL2(R)),

) .
f o (oaf)(9) = (ci+d) 2 (i; 13

@ Natural right action of SLy(R) on C>*(I'\SL2(R)):
(w(h)F)(g) = F(gh),

@ Representation of SLy(R) — Representation of the
complexified Lie algebra s/o(C).

@ ltis a discrete series of weight 2k.

Oo(kn 0
@ representation space %C C>(H).
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From Modular Forms to Discrete Series

Rankin-Cohen via Representation Applications to Formal Deformations

Theorem. Let f € My, g € Mo, be two modular forms. Let
Tf = Tdegf> Tg = Tdegg b€ the corresponding discrete series
representations of the Lie group SL(R).
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From Modular Forms to Discrete Series

Rankin-Cohen via Representation Applications to Formal Deformations

Theorem. Let f € My, g € Mo, be two modular forms. Let

Tf = Tdegf> Tg = Tdegg b€ the corresponding discrete series
representations of the Lie group SL>(R). The tensor product of
these two representations can be decomposed into a direct
sum of discrete series,

TR Mg = @ Tdeg f+deg g+2n-
n=0
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From Modular Forms to Discrete Series

Rankin-Cohen via Representation Applications to Formal Deformations

Theorem. Let f € My, g € Mo, be two modular forms. Let

Tf = Tdegf> Tg = Tdegg b€ the corresponding discrete series
representations of the Lie group SL>(R). The tensor product of
these two representations can be decomposed into a direct
sum of discrete series,

TR Mg = @ Tdeg f+deg g+2n-
n=0

The Rankin-Cohen bracket [f, 9], gives (up to scale) the
vectors of minimal K -weight in the representation space of the
component Tyeq f+deg g+2n-
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From Modular Forms to Discrete Series

Rankin-Cohen via Representation Applications to Formal Deformations

Deligne(1973):
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From Modular Forms to Discrete Series

Rankin-Cohen via Representation Applications to Formal Deformations

Deligne(1973):

@ Remarque 2.1.4. Lespace F(G, GL(2,7)) ci-dessus est
stable par produit. D’autre part, Dx_1 ® D;_4 contient les
Dy1iom—1(m>0) . Pourm= 0, ceci correspond au fait
que le produit fg d’une forme modulaire holomorphe de
poids k par une de poids /, en est une de poids k + /. Pour
m =1, en coordonnées (1.1.5.2), on trouve que

f
l%.g - kf.g—g est modulaire holomorphe de poids k + /+2
, et ainsi de suite. De méme dans le cadre adélique.

Yidun YAO # —5 | NCGand RG Brackets d'@prés Cohen, Cohen-M




From Modular Forms to Discrete Series
Rankin-Cohen via Representation Applications to Formal Deformations

Explicit Formulae

M(T) C M(T) = {f, Ik e N, f(2)

(M) @5
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From Modular Forms to Discrete Series
Rankin-Cohen via Representation Applications to Formal Deformations

Explicit Formulae

M(T) € M(T) = {f, Ik eN, f(z) = (f’2k7> (z)} .

@ X : M(I) — M(I):

o 1 df 2kf
XI=5ridz ~ anim(z)’
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From Modular Forms to Discrete Series
Rankin-Cohen via Representation Applications to Formal Deformations

Explicit Formulae

M(T) € M(T) = {f, Ik eN, f(z) = (f’2k7> (z)} .

@ X : M(I) — M(I):

o 1 df 2kf
XI=5ridz ~ anim(z)’

o [V, X]=X,
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From Modular Forms to Discrete Series
Rankin-Cohen via Representation Applications to Formal Deformations

Explicit Formulae

M(T) € M(T) = {f, Ik eN, f(z) = (f’2k7> (z)} .

@ X : M(I) — M(I):

o 1 df 2kf
XI=5ridz ~ anim(z)’

° [V, X]=X,
@ On M(IN):

RCx,v.60) = RCred,()?,Y)'
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From Modular Forms to Discrete Series

Rankin-Cohen via Representation Applications to Formal Deformations

Tensor algebra

MN® =Y M),
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From Modular Forms to Discrete Series

Rankin-Cohen via Representation Applications to Formal Deformations

Tensor algebra

MN® =Y M),

oM M(N® s> M(IN,ARhL® @y fifa--- Ty
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From Modular Forms to Discrete Series

Rankin-Cohen via Representation Applications to Formal Deformations

Tensor algebra

MN® =Y M),

oM M(N® s> M(IN,ARhL® @y fifa--- Ty
o

n
Xhoho o)=Y hehbe - 2Xie &,
i=1
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From Modular Forms to Discrete Series

Rankin-Cohen via Representation Applications to Formal Deformations

Tensor algebra
M(M)® =" M(n)=n,
n

oM MMIE s M(IN,hRhHQ - Qfy s fify---
]

n
Xhoho o)=Y hehbe - 2Xie &,
i=1

n
deg(h @ h®---@f) =) degf;
i=1
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From Modular Forms to Discrete Series

Rankin-Cohen via Representation Applications to Formal Deformations

*: M(D)®[[A]] x M(T)2[[K]] — M(T)2[[H]]: bilinear extension +

An(deg f,degg) [ < ,~,(degf+n—1>
f = -1)'X f
"9 = 2 aegNatdea g\ 2 VX

QX" (deg g Jrr n- 1>g> A",

where f,g € M(T)®.
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From Modular Forms to Discrete Series

Rankin-Cohen via Representation Applications to Formal Deformations

*: M(D)®[[A]] x M(T)2[[K]] — M(T)2[[H]]: bilinear extension +

An(deg f,degg) [ < ,~,(degf+n—1>
f = -1)'X f
"9 = 2 aegNatdea g\ 2 VX

QX" (deg g Jrr n- 1>g> A",

where f, g € M(T)®.
@ — Strong Associativity.
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From Modular Forms to Discrete Series

Rankin-Cohen via Representation Applications to Formal Deformations

The restriction of » to M(I') ¢ M(IN)® composed with M.
x 1 M(D)[[K]] x M(N)[[R]] — M(T)[[A]] : bilinear extension +

fxg = M(fxg)
B An(degf,degg) [ « ror(2k+n—1
- Z(olegf»(olegg)n(Z(‘”X( )

r=0

)’“(nr<2/+,{7— 1>g>hn

An(deg f,deg9) n
f, glnh",
Z (deg f)n(deg g)n[ gl

where f, g € M(I).
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From Modular Forms to Discrete Series

Rankin-Cohen via Representation Applications to Formal Deformations

The restriction of » to M(I') ¢ M(IN)® composed with M.
x 1 M(D)[[K]] x M(N)[[R]] — M(T)[[A]] : bilinear extension +

fxg = M(fxg)
B An(degf,degg) [ « ror(2k+n—1
- Z(olegf»(olegg)n(Z(‘”X( )

r=0

)’“(nr<2/+,{7— 1>g>hn

An(deg f,deg9) n
f, glnh",
Z (deg f)n(deg g)n[ gl

where f, g € M(I).
@ — Weak Associativity.
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From Modular Forms to Discrete Series
Rankin-Cohen via Representation Applications to Formal Deformations

Strong Associativity <= Weak Associativity.
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From Modular Forms to Discrete Series
Rankin-Cohen via Representation Applications to Formal Deformations

Strong Associativity <= Weak Associativity.

° Strong Associativity
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From Modular Forms to Discrete Series
Rankin-Cohen via Representation Applications to Formal Deformations

Strong Associativity <= Weak Associativity.

° Strong Associativity

)
forp=0,1,...,n:

n—r\An_r(2k + 2/ 4+ 2r,2m)Ar(2k, 2/)

; < p > (2k + 21+ 2r)n—p-r(2m)p(2K),
n— s\ An—s(2k,2/+2m+ 2s)As(2/,2m)

> (” - P> (2K)n—p(2/ +2m + 25)p_s(2m)s -

s=0
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From Modular Forms to Discrete Series

Rankin-Cohen via Representation Applications to Formal Deformations

Theorem(Yao). Cohen-Manin-Zagier have found all the
associative formal products

s M(D[[R]] x M(D)[[R]] = M(T)[[R]] defined by linearity and
the formula

_ An(deg f,deg g) n
f* g - Z (deg f)n(deg g)n [f, g]nh ’ (1)

where M is the space of the functions which satisfy the
modularity condition, and the notation

() :=ala+1)---(a+n—1). We assume moreover Ay = 1
and A{(x,y) = xy,
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From Modular Forms to Discrete Series

Rankin-Cohen via Representation Applications to Formal Deformations

Proposition(Yao). Let I be a congruence subgroup of SLy(7Z)

such that M(I') admit the unique factorization property (for

example SL,(Z) itself), let Fy, Fo, Gy, Go € M(T") such that
RC(F1, Gi) = RC(Fz, Gz),

as formal series in M(I')[[h]], then there exists a constant C

such that

Fi = CFy, Go = CGy.
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Ex. we want to show that there does not exist any positive integer
roots of the multivariable polynomial

Psy(k,l,m,r,t)

= Al(r +t)(=3k*r® — 2kr? + 3kir® + 2kI*r* — 6kmr® — 15k*mr? — 3k>mr® + 3lmr?
—9kimr? — 6k2mr?3kPmr? — 3m*r? — 24km?r? — 15k*m2r? — 9lm?r?
—24kIm?r? — 92m?2r? — 11m3r? — 21km>r? — 181m>r? — 9m*r? 4+ 12k%rt 4+ 17k>rt
+3k*rt + 6klrt + 21k2Irt + 6k3Irt + 4kIPrt + 3K*1Prt + 24kmrt + 51k*mrt + 24k*mrt
+6lmrt + 42kImrt + 42k*Imrt + 4Pmrt + 18kPmrt + 12m2rt + 51km>rt + 42k*>m>rt
+21Im2rt + 42kIm>rt + 32m>2rt + 17m>rt + 24km>rt + 6lm3rt + 3m*rt — 3kt>
—11K3? — 9k*? + 3kit* — OK*1t? — 18KP1t? + 2kI%t* — 9K*1%t? — 6kmt? — 24k*mt?
—21k3mt? + 3lmt* — 9kimt® — 24k2Imt* + 21°mt? — 3kIPmt® — 3m>t? — 15km*t>
—15K*m2t? — 6kim>t* — 2m>t* — 3km>t* + 20%mr?).

where t = p[(k+3m)(k+14+m)+(k+m)],r = p[(3k+m)(k-+I1+m)+(k+m)].



Ps(k,l,m, p[(3k +m)(k+ 14+ m) + (k+m)], u[(3k +m)(k + 1+ m) + (k+m)])
= 13(48K51 + 320K51 + 720K71 4 672k31 + 256k°1 + 96k 1% + 960K 1 + 2976K%1 + 3552k712

+1536K312 4 640k*13 4 3792K513 4 6624k513 + 3584k713 + 1536k*1* + 5280k°1*
+4096K51* 4 1536K41° 4 2304k°1° + 512415 4 240k*Im + 1920k°Ilm + 5232k51m
+5760k7Im + 2304k 1m + 384Kk31%m + 4800k*1>m + 18240k°1%m + 26016k51%m
+12288k712m + 2560313 m + 19152k 2 m + 40896k°13m + 25088513 m + 6144k31*m
+26784K**m + 24576k 1*m + 6144k31°m + 11520k*1°m + 2048K315m + 480k3Im?
+4800k*Im? + 16080k°Im? + 21120k5Im? + 9216k7Im? + 576k*1>m? + 9600k31*m?
+46176K*1>m? + 80352k 1°>m? + 43008k°12m? + 3840213 m? + 38496k 1> m?
+103968k113m? + 75264k° 13 m? 4+ 9216k%1*m? + 53952k31*m? + 61440k 1*m?
+9216k%1°m? + 23040k31°m? 4 3072k%1°m? + 480k2Im? + 6400k3Im?> + 27120k Im?
+43392k°Im? + 21504k51m3 + 384k1>m? + 9600k%1>m? + 618243 1>°m3 + 135840k*1>m?
+86016k°12m> + 2560k1>m> + 38496K213m> + 139392k313m3 + 125440k 13m?
+6144Kk1*m® + 53952k21*m? + 81920k31*m3 + 6144k1°m? + 23040k%1°m?
+2048K15m> + 240kIm* + 4800k*Im™ + 27120k3Im* + 54720k Im* + 256im°
+32256k°Im* + 9612m* + 4800k1*>m* 4+ 46176k%1>m* + 1358403 1> m*
+107520k*2m* + 64083m* + 19152k3m* + 103968k%1>m* + 125440313 m*
+15361*m* + 26784k *m* + 61440k%*m* + 15361°m* + 11520k1°m®* + 51215m*
+481m® + 1920kim® 4 16080k%Im> + 43392k3Im® + 32256k*1m® + 9601%m°
+18240k1*m® + 80352k21°m® + 86016k%12m°® + 379213m° + 40896k>m®
+75264K%13m> + 52801 m> + 24576k m® + 23041°m> + 320im® + 5232kim°
+21120k%mS + 215043 1m® + 29761°m° + 26016k1*>m° + 43008k%12m°
+662413m° + 25088k13m° + 40961*mS + 720im" + 5760kIm” + 9216k%Im”
+35520%m" 4 12288k*m” + 358413 m" + 672lm® + 2304kim® + 15361*m?).



Rankin-Cohen and Henkel forms

Bergman spaces

@ D : unit disk in the complex plane C.
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Rankin-Cohen and Henkel forms

Bergman spaces

@ D : unit disk in the complex plane C.
@ n(z) =1—1z2, and do(z) = (1/7)dxdy.

Yidun YAO # —5 | NCGand RG Brackets d'@prés Cohen, Cohen-M



Rankin-Cohen and Henkel forms

Bergman spaces

@ D : unit disk in the complex plane C.
@ n(z) =1—1z2, and do(z) = (1/7)dxdy.
@ weighted Bergman space A>*(D) (o > —1) :

{f:0f = O,/D|f(z)|277ada(z) < oo}
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Rankin-Cohen and Henkel forms

Bergman spaces

@ D : unit disk in the complex plane C.
@ n(z) =1—1z2, and do(z) = (1/7)dxdy.
@ weighted Bergman space A>*(D) (o > —1) :

{f:0f = O,/ 1f(2)|?n%do(2) < 0o}
D
@ SL(2,R) action:

rak()((2) = H(EZ )0z + d) .
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Rankin-Cohen and Henkel forms

Henkel form:
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Rankin-Cohen and Henkel forms

Henkel form: SL,(R) equivariant bilinear map from
A2k(D) % A2I(D) to A2k+2l+2i
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Rankin-Cohen and Henkel forms

Henkel form: SL,(R) equivariant bilinear map from
A2K(D) x A?/(D) to A2k+2I+21 that corresponds to the projection
from AZK(D) ®A2I(D) to A2k+21+2i
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Rankin-Cohen and Henkel forms

Henkel form: SL,(R) equivariant bilinear map from
A2K(D) x A?/(D) to A2k+2I+21 that corresponds to the projection
from AZK(D) ®A2I(D) to A2k+21+2i
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Rankin-Cohen and Henkel forms

Henkel form: SL,(R) equivariant bilinear map from
A2K(D) x A?!(D) to A2k+2/+21 that corresponds to the projection

from AZK(D) ® AZI(D) to A2k+2/+2i_

Mai(f,9)(2) = 2_(-1)"° ( . > (w(f))s(1w(g)),-_sasf g

s=0

where w(f) and w(g) are weights of f and g.

NGG and RC Brackets d’apres Cohen, Cohen-M
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Rankin-Cohen and Henkel forms

Algebra Br

@ Y : complex domain of dimension 1;
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Rankin-Cohen and Henkel forms

Algebra Br

@ Y : complex domain of dimension 1;

@ [ : pseudogroup acting on X by holomorphic
transformations;
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Rankin-Cohen and Henkel forms

Algebra Br

@ Y : complex domain of dimension 1;

@ [ : pseudogroup acting on X by holomorphic
transformations;

e T"0% : holomorphic tangent bundle of ¥, equipped with a
I" action

(X, y) = (v(X), 9 (X)y),
where (x, y) is a point on c;
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Rankin-Cohen and Henkel forms

Algebra Br

@ Y : complex domain of dimension 1;

@ [ : pseudogroup acting on X by holomorphic
transformations;

e T"0% : holomorphic tangent bundle of ¥, equipped with a
I" action

1%, y) = (7(x), 0xr(X)y),
where (x, y) is a point on c;
@ Ariox : space of holomorphic functions on T1.0%;
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Rankin-Cohen and Henkel forms

Algebra Br

@ Y : complex domain of dimension 1;

@ [ : pseudogroup acting on X by holomorphic
transformations;

e T"0% : holomorphic tangent bundle of ¥, equipped with a
I" action

(X, ¥) = (v(x), 0xv(X)y),
where (x, y) is a point on c;
@ Ariox : space of holomorphic functions on T1.0%;
@ action of I on T"%% induces an action of I on Ar1.05;
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Rankin-Cohen and Henkel forms

Algebra Br

@ Y : complex domain of dimension 1;

@ [ : pseudogroup acting on X by holomorphic
transformations;

e T"0% : holomorphic tangent bundle of ¥, equipped with a
I" action

(X, ¥) = (v(x), 0xv(X)y),
where (x, y) is a point on c;
@ Ariox : space of holomorphic functions on T1.0%;
@ action of I on T"%% induces an action of I on Ar1.05;
@ Br =Asioy xT.
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Rankin-Cohen and Henkel forms

Proposition(Rochberg-Tang-Yao). Connes-Moscovici’s Hopf
algebra H1 acts naturally on the algebra Br. The reduced i-th

Rankin-Cohen bracket on @,,ZOAZ”(D) is a Hankel form of
weight 2i.
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Motivations

@ Moyal product : f, g € S(R?),

n o"f d"g
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Motivations

@ Moyal product : f, g € S(R?),
n o"f 0"g
frg= Z Z(_ </> OxIgyn=1 oxn-igy'”

@ Weyl product : f, g € S(R?),

(7 9)xy) = [ [ focsuny+watxrviy )

627ri(u1 Vo—Uo V4 ) d2ud2 V.
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Motivations

@ Moyal product : f, g € S(R?),
n o"f 0"g
frg= Z Z(_ </> OxIgyn=1 oxn-igy'”

@ Weyl product : f, g € S(R?),

(7 9)xy) = [ [ focsuny+watxrviy )

627ri(u1 Vo—Uo V4 ) d2ud2 V.

asymptotic expansion

o Weyl Moyal
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Motivations

Rieffel :
@ C*-algebra A, o : R? — Aut(A);
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Motivations

Rieffel :
@ C*-algebra A, o : R? — Aut(A);
@ a,be A>,

a*b:/ / ay(@)ay (b)emUva—tevi) q2 2y,
R2 JR?
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Motivations

Rieffel :
@ C*-algebra A, o : R? — Aut(A);
@ a,be A>,

a*b:/ / ay(@)ay (b)emUva—tevi) q2 2y,
R2 JR?

@ complete into a C*-algebra ~~ strict deformation.
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Motivations

Rieffel :
@ C*-algebra A, o : R? — Aut(A);
@ a,be A>,

a*b:/ / ay(@)ay (b)emUva—tevi) q2 2y,
R2 JR?

@ complete into a C*-algebra ~~ strict deformation.

@ K-theory of the deformed algebra is the same as that of
the original one.
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Motivations

Moyal
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Motivations

Weyl asymptotic expansion

Moyal
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Motivations

Rieffel Weyl asymptotic expansion

Moyal
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Motivations

Rieffel Weyl asymptotic expansion

Moyal

!

Rankin-Cohen
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Motivations

Rieffel Weyl asymptotic expansion Moyal

! !

asymptotic expansion

? Rankin-Cohen
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Motivations

Rieffel Weyl asymptotic expansion Moyal

! ! !

asymptotic expansion

? — 7 Rankin-Cohen
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Canil
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