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Rankin-Cohen in Number Theory
Rankin-Cohen in NCG

Rankin-Cohen via Fedosov
Rankin-Cohen via Representation
Rankin-Cohen and Henkel forms

Motivations

Rankin-Cohen Brackets
Zagier,Cohen-Manin-Zagier, Eholzer

Γ(N) =

{(
a b
c d

)
∈ SL2(Z) ;

(
a b
c d

)
≡
(

1 0
0 1

)
modN

}
,

Γ congruence subgroup of SL2(Z): ∃N s.t. Γ(N) ⊂ Γ.
modular form: f : H = {z, Im(z) > 0} → C s.t.
(holomorphy) f holomorphic,

(modularity of weight 2k ) γ =

(
a b
c d

)
∈ Γ , z ∈ H,

f (z) =
(

f
∣∣∣
2k
γ
)

(z) := (cz + d)−2k f
(

az + b
cz + d

)
,

(growth condition near the boundary) |f (z)| controlled by a
polynomial on max{1, Im(z)−1}.
M(Γ) :=

∑
kM2k (Γ).
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Definition of the Brackets

Rankin (1950’s) -Henri Cohen(1975):
bidifferential operators onM(Γ) producing new modular
forms:

f ∈M2k (Γ) and g ∈M2l(Γ), f (r) =

(
1

2πi
d
dz

)r

f

[f ,g]n =
n∑

r=0

(−1)r
(

n + 2k − 1
n − r

)(
n + 2l − 1

r

)
f (r)g(n−r),

[f ,g]n ∈M2k+2l+2n(Γ).
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(Ramanujan) X :M2k (Γ)→M2k+2(Γ):

Xf =
1

2πi
df
dz
− 1

2πi
∂

∂z
(log η4) · kf ,

η(z) = q1/24
∞∏

n=1

(1− qn) , q = e2πiz

Two series of elements by induction: Φ ∈M4(Γ),
f0 = f ,g0 = g,

fr+1 = Xfr + r(r + 2k − 1)Φfr−1,
gs+1 = Xgs + s(s + 2l − 1)Φgs−1.

Zagier:
n∑

r=0

(−1)r
(

n + 2k − 1
n − r

)(
n + 2l − 1

r

)
fr gn−r = [f ,g]n.
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Cohen-Manin-Zagier:

{formal series with modular form coefficients}

m
{formal invariant pseudodifferential operators}

Question : Find cn(k , l) s.t.: f ∈M2k , g ∈M2l ,

µ(f ,g) :=
∞∑

n=0

cn(k , l)[f ,g]n~n

+ bilinearity = an associative product onM[[~]].
Cohen-Manin-Zagier:

cn(k , l) = tn(k , l) :=
1(−2l
n

) ∑
r+s=n

(−k
r

)(−k−1
r

)(−2k
r

) (n+k+l
s

)(n+k+l−1
s

)(2n+2k+2l−2
s

) .
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Eholzer(conjecture): cn(k , l) = 1 give a solution to the above
question.
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γ ∈ SL2(C) action on functions ξ ∈ C∞(H):

(W κ
γ ξ)(z) = ξ(γ.z)(cz + d)κ.

(
W κ∗
γ ∂κγ ξ

)
(z) = (cz + d)2 1

2πi
ξ′(γ.z) + κ(cz + d)ξ(γ.z).

One can define

Dκ−k (f , ∂) =
∞∑

n=0

(
−k
n

)(
−k + κ− 1

n

)
(
−2k

n

) f (n)∂−k−n,

Dκ−k (f |2kγ, ∂) = W κ∗
γ Dκ−k (f , ∂)W κ

γ .
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Motivations

Hopf algebraH1
Connes-Moscovici ’03

Hopf algebra for transverse geometry of foliations

In their study of index theory for operators elliptic transverse to
a foliation, Connes and Moscovic discovered a sequence of
Hopf algebras, Hn, which governs the transversal geometry of
a foliation with codim=n.
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General setup:

M : smooth manifold,

F : foliation on M of codimension n,
X : complete flat transversal to F ,
FX : frame bundle of X ,
Γ: holonomy pseudogroup.

“Transverse geometry” consists of the transversal X along with
the action by the holonomy Γ.
Example: Kronecker foliation.
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Connes-Moscovici ’03

Codimension one foliation

Complete transversal X : flat 1-dim manifold;

Oriented frame bundle F +X is diffeomorphic to X × R+;
Γ : discrete holonomy pseudogroup acting on X as local
diffeomorphisms.
Coordinates : x on the X , y on R+;
Lifted action of Γ on F +X :

(x , y) 7→ (φ(x), φ′(x)y), ∀φ ∈ Γ.

Γ-invariant volume form on F +X : ω =
dx ∧ dy

y2 .
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Foliation algebras

On the Hilbert space L2(F +X , dx∧dy
y2 ),

we consider two types of
operators:

1 For f ∈ C∞c (F +X ), define Mf : ξ → f ξ, for all
ξ ∈ L2

(
F +X , dx∧dy

y2

)
.

2 For φ ∈ Γ, define Uφ : ξ → φ∗(ξ) = ξ ◦ φ, for all
ξ ∈ L2

(
F +X , dx∧dy

y2

)
.

Foliation algebra AΓ: the algebra generated by Mf and Uφ, with
the relations UφMf = Mφ∗(f )Uφ. AΓ = C∞c (F +X ) o Γ.

Yi-Jun YAO� �Ô NCG and RC Brackets d’après Cohen, Cohen-Manin-Zagier, Eholzer Connes-Moscovici, Bieliavsky-Rochberg-Tang-Yao



Rankin-Cohen in Number Theory
Rankin-Cohen in NCG

Rankin-Cohen via Fedosov
Rankin-Cohen via Representation
Rankin-Cohen and Henkel forms

Motivations

Hopf algebraH1
Connes-Moscovici ’03

Foliation algebras

On the Hilbert space L2(F +X , dx∧dy
y2 ),we consider two types of

operators:

1 For f ∈ C∞c (F +X ), define Mf : ξ → f ξ, for all
ξ ∈ L2

(
F +X , dx∧dy

y2

)
.

2 For φ ∈ Γ, define Uφ : ξ → φ∗(ξ) = ξ ◦ φ, for all
ξ ∈ L2

(
F +X , dx∧dy

y2

)
.

Foliation algebra AΓ: the algebra generated by Mf and Uφ, with
the relations UφMf = Mφ∗(f )Uφ. AΓ = C∞c (F +X ) o Γ.

Yi-Jun YAO� �Ô NCG and RC Brackets d’après Cohen, Cohen-Manin-Zagier, Eholzer Connes-Moscovici, Bieliavsky-Rochberg-Tang-Yao



Rankin-Cohen in Number Theory
Rankin-Cohen in NCG

Rankin-Cohen via Fedosov
Rankin-Cohen via Representation
Rankin-Cohen and Henkel forms

Motivations

Hopf algebraH1
Connes-Moscovici ’03

Foliation algebras

On the Hilbert space L2(F +X , dx∧dy
y2 ),we consider two types of

operators:
1 For f ∈ C∞c (F +X ), define Mf : ξ → f ξ, for all
ξ ∈ L2

(
F +X , dx∧dy

y2

)
.

2 For φ ∈ Γ, define Uφ : ξ → φ∗(ξ) = ξ ◦ φ, for all
ξ ∈ L2

(
F +X , dx∧dy

y2

)
.

Foliation algebra AΓ: the algebra generated by Mf and Uφ, with
the relations UφMf = Mφ∗(f )Uφ. AΓ = C∞c (F +X ) o Γ.

Yi-Jun YAO� �Ô NCG and RC Brackets d’après Cohen, Cohen-Manin-Zagier, Eholzer Connes-Moscovici, Bieliavsky-Rochberg-Tang-Yao



Rankin-Cohen in Number Theory
Rankin-Cohen in NCG

Rankin-Cohen via Fedosov
Rankin-Cohen via Representation
Rankin-Cohen and Henkel forms

Motivations

Hopf algebraH1
Connes-Moscovici ’03

Foliation algebras

On the Hilbert space L2(F +X , dx∧dy
y2 ),we consider two types of

operators:
1 For f ∈ C∞c (F +X ), define Mf : ξ → f ξ, for all
ξ ∈ L2

(
F +X , dx∧dy

y2

)
.

2 For φ ∈ Γ, define Uφ : ξ → φ∗(ξ) = ξ ◦ φ, for all
ξ ∈ L2

(
F +X , dx∧dy

y2

)
.

Foliation algebra AΓ: the algebra generated by Mf and Uφ, with
the relations UφMf = Mφ∗(f )Uφ. AΓ = C∞c (F +X ) o Γ.

Yi-Jun YAO� �Ô NCG and RC Brackets d’après Cohen, Cohen-Manin-Zagier, Eholzer Connes-Moscovici, Bieliavsky-Rochberg-Tang-Yao



Rankin-Cohen in Number Theory
Rankin-Cohen in NCG

Rankin-Cohen via Fedosov
Rankin-Cohen via Representation
Rankin-Cohen and Henkel forms

Motivations

Hopf algebraH1
Connes-Moscovici ’03

Foliation algebras

On the Hilbert space L2(F +X , dx∧dy
y2 ),we consider two types of

operators:
1 For f ∈ C∞c (F +X ), define Mf : ξ → f ξ, for all
ξ ∈ L2

(
F +X , dx∧dy

y2

)
.

2 For φ ∈ Γ, define Uφ : ξ → φ∗(ξ) = ξ ◦ φ, for all
ξ ∈ L2

(
F +X , dx∧dy

y2

)
.

Foliation algebra AΓ: the algebra generated by Mf and Uφ, with
the relations UφMf = Mφ∗(f )Uφ.

AΓ = C∞c (F +X ) o Γ.

Yi-Jun YAO� �Ô NCG and RC Brackets d’après Cohen, Cohen-Manin-Zagier, Eholzer Connes-Moscovici, Bieliavsky-Rochberg-Tang-Yao



Rankin-Cohen in Number Theory
Rankin-Cohen in NCG

Rankin-Cohen via Fedosov
Rankin-Cohen via Representation
Rankin-Cohen and Henkel forms

Motivations

Hopf algebraH1
Connes-Moscovici ’03

Foliation algebras

On the Hilbert space L2(F +X , dx∧dy
y2 ),we consider two types of

operators:
1 For f ∈ C∞c (F +X ), define Mf : ξ → f ξ, for all
ξ ∈ L2

(
F +X , dx∧dy

y2

)
.

2 For φ ∈ Γ, define Uφ : ξ → φ∗(ξ) = ξ ◦ φ, for all
ξ ∈ L2

(
F +X , dx∧dy

y2

)
.

Foliation algebra AΓ: the algebra generated by Mf and Uφ, with
the relations UφMf = Mφ∗(f )Uφ. AΓ = C∞c (F +X ) o Γ.

Yi-Jun YAO� �Ô NCG and RC Brackets d’après Cohen, Cohen-Manin-Zagier, Eholzer Connes-Moscovici, Bieliavsky-Rochberg-Tang-Yao



Rankin-Cohen in Number Theory
Rankin-Cohen in NCG

Rankin-Cohen via Fedosov
Rankin-Cohen via Representation
Rankin-Cohen and Henkel forms

Motivations

Hopf algebraH1
Connes-Moscovici ’03

Vector fields on F +X

On F +X , we consider vector fields X = y∂x and Y = y∂y .

X
and Y act on the foliation algebra AΓ = C∞c (F +X ) o Γ by

X (fUφ) = X (f )Uφ, Y (fUφ) = Y (f )Uφ.

It is easy to check that Y is invariant under the Γ action, but X
is not.

UφXU−1
φ = X − y

φ−1′′(x)

φ−1′(x)
Y .

Yi-Jun YAO� �Ô NCG and RC Brackets d’après Cohen, Cohen-Manin-Zagier, Eholzer Connes-Moscovici, Bieliavsky-Rochberg-Tang-Yao



Rankin-Cohen in Number Theory
Rankin-Cohen in NCG

Rankin-Cohen via Fedosov
Rankin-Cohen via Representation
Rankin-Cohen and Henkel forms

Motivations

Hopf algebraH1
Connes-Moscovici ’03

Vector fields on F +X

On F +X , we consider vector fields X = y∂x and Y = y∂y . X
and Y act on the foliation algebra AΓ = C∞c (F +X ) o Γ by

X (fUφ) = X (f )Uφ, Y (fUφ) = Y (f )Uφ.

It is easy to check that Y is invariant under the Γ action, but X
is not.

UφXU−1
φ = X − y

φ−1′′(x)

φ−1′(x)
Y .

Yi-Jun YAO� �Ô NCG and RC Brackets d’après Cohen, Cohen-Manin-Zagier, Eholzer Connes-Moscovici, Bieliavsky-Rochberg-Tang-Yao



Rankin-Cohen in Number Theory
Rankin-Cohen in NCG

Rankin-Cohen via Fedosov
Rankin-Cohen via Representation
Rankin-Cohen and Henkel forms

Motivations

Hopf algebraH1
Connes-Moscovici ’03

Vector fields on F +X

On F +X , we consider vector fields X = y∂x and Y = y∂y . X
and Y act on the foliation algebra AΓ = C∞c (F +X ) o Γ by

X (fUφ) = X (f )Uφ, Y (fUφ) = Y (f )Uφ.

It is easy to check that Y is invariant under the Γ action, but X
is not.

UφXU−1
φ = X − y

φ−1′′(x)

φ−1′(x)
Y .

Yi-Jun YAO� �Ô NCG and RC Brackets d’après Cohen, Cohen-Manin-Zagier, Eholzer Connes-Moscovici, Bieliavsky-Rochberg-Tang-Yao



Rankin-Cohen in Number Theory
Rankin-Cohen in NCG

Rankin-Cohen via Fedosov
Rankin-Cohen via Representation
Rankin-Cohen and Henkel forms

Motivations

Hopf algebraH1
Connes-Moscovici ’03

Higher operations

Linear operator δ1 on AΓ:

δ1(fUφ) = µφ−1 fUφ,

where µφ−1(x , y) = y
φ−1′′(x)

φ−1′(x)
.

[Y , δ1] = δ1, but [X , δ1] = δ2, where

δ2(fUφ) = X (µφ−1)fUφ.

Introduce the sequence of operators δn acting on AΓ:

δn(fUφ) = X n−1(µφ−1)fUφ.
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where µφ−1(x , y) = y
φ−1′′(x)

φ−1′(x)
.

[Y , δ1] = δ1, but [X , δ1] = δ2, where

δ2(fUφ) = X (µφ−1)fUφ.

Introduce the sequence of operators δn acting on AΓ:

δn(fUφ) = X n−1(µφ−1)fUφ.
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Motivations

Hopf algebraH1
Connes-Moscovici ’03

H1: universal envelopping algebra of the Lie algebra H1
generated by X ,Y , δn, n ∈ N

[Y ,X ] = X , [Y , δn] = n δn ,
[X , δn] = δn+1 , [δk , δ`] = 0 , n, k , ` ≥ 1 .

coproduct : ∆ : H1 → H1 ⊗H1

∆ Y = Y ⊗ 1 + 1⊗ Y , ∆ X = X ⊗ 1 + 1⊗ X + δ1 ⊗ Y
∆ δ1 = δ1 ⊗ 1 + 1⊗ δ1

antipod:

S(Y ) = −Y , S(X ) = −X + δ1Y , S(δ1) = −δ1
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Motivations

Hopf algebraH1
Connes-Moscovici ’03

Modular Hecke Algebra

M(Γ(N)) := Σ⊕M2k (Γ(N)) ,M0(Γ(N)) := Σ⊕M0
2k (Γ(N))

we define

M := lim−→
N→∞

M(Γ(N)) , resp. M0 := lim−→
N→∞

M0(Γ(N)) .

An operator Hecke form of level Γ is a map

F : Γ\GL+
2 (Q) → M ,

Γα 7→ Fα ∈M ,

has finite support, which satisfies the covariance condition:

Fαγ (z) = Fα|γ(z) = Fα(γ.z) , ∀α ∈ GL+
2 (Q), γ ∈ Γ, z ∈ H .
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Motivations

Hopf algebraH1
Connes-Moscovici ’03

Modular Hecke Algebra

A(Γ): associative algebra for the product

(F 1 ∗ F 2)α :=
∑

β∈Γ\GL+
2 (Q)

F 1
β · F 2

αβ−1

∣∣∣β.
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Action of the Hopf algebra H1 on A(Γ)

Xf =
1

2πi
∂

∂z
− 1

2πi
∂

∂z
(log η4) · kf , Y (f ) = k · f .

[Y ,X ] = X .

For γ =

(
a b
c d

)
∈ GL+(2,Q) ,

µγ (z) =
1

2π2

(
G∗2|γ (z)−G∗2(z) +

2πi c
cz + d

)

G∗2(z) = 2ζ(z) + 2
∑
m≥1

∑
n∈Z

1
(mz + n)2 =

π2

3
− 8π2

∑
m,n≥1

me2πimnz .

Notice here µα ≡ 0 if α ∈ SL2(Z) .
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Motivations

Hopf algebraH1
Connes-Moscovici ’03

Action of the Hopf algebra H1 on A(Γ)

For an element F ∈ A(Γ), we define

Y (F )α := Y (Fα) , F ∈ A(Γ) , α ∈ G+(Q) ,
X (F )α := X (Fα) ,
δn(F )α := µn,α · Fα , µn, α := X n−1(µα) , n ∈ N

Theorem(Connes-Moscovici) Let Γ be a congruence
subgroup.

10. The Hopf algebra H1 acts on the algebra A(Γ).
20. The Schwarz derivation δ′2 = δ2 − 1

2δ
2
1 is inner and is

implemented by ω4 = − 1
72E4 ∈ A(Γ) .
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Motivations

Hopf algebraH1
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Projective H1 actions

H1 acts on an algebra A: projectivity⇔ Ω ∈ A,

1. δ′2(a) = Ω a− a Ω , ∀a ∈ A,
2. δk (Ω) = 0 , ∀k ∈ N.

An+1 := S(X ) An − n Ω o
(

Y − n − 1
2

)
An−1,

Bn+1 := X Bn − n Ω

(
Y − n − 1

2

)
Bn−1,

where A−1 := 0, A0 := 1 and B0 := 1, B1 := X .

RCn(a,b) :=
n∑

k=0

Ak

k !
(2Y + k)n−k (a)

Bn−k

(n − k)!
(2Y + n − k)k (b).
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Motivations

Hopf algebraH1
Connes-Moscovici ’03

(Cohen-Manin-Zagier, Eholzer)+(Full Injectivity)⇒

Theorem(Connes-Moscovici) The functor RC∗ :=
∑

RCn
applied to any algebra A endowed with a projective
structure yields a family of formal associative deformations
of A, whose products are given by

f ? g =
∑

RCn(f ,g)~n.
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Motivations

Hopf algebraH1
Connes-Moscovici ’03

Universal Deformation Formula (UDF) for a Hopf algebra H:
F ∈ H ⊗H:

((∆⊗ 1)F )(F ⊗ 1) = ((1⊗∆)F )(1⊗ F ).
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Motivations

Hopf algebraH1
Connes-Moscovici ’03

We are interested in the following questions:

1. Give other interpretations (geometric, etc.) for these
brackets.
2. Look for properties of these formal deformations.
3. Give a proof of the equivalence of the coefficients.
4. Why we study these stuffs?
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Motivations

Fedosov’s Construction
Bieliavsky-Tang-Yao

(M, ω) symplectic manifold of dimension 2n.

Weyl Algebra Wx : the formal series

a(y , ~) =
∑

k ,|α|≥0

~kak ,αyα,

~ : formal parameter , y = (y1, . . . , y2n) ∈ TxM,
α = (α1, . . . , α2n) , yα = (y1)α1 · · · (y2n)α2n .
The Moyal Product: for a,b ∈Wx ,

a ◦ b = exp
(
− i~

2
ωij ∂

∂y i
∂

∂z j

)
a(y , ~)b(z, ~)|z=y

=
∞∑

k=0

(
− i~

2

)k 1
k !
ωi1j1 · · ·ωik jk ∂ka

∂y i1 · · · ∂y ik

∂kb
∂y j1 · · · ∂y jk

.
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Fedosov’s Construction
Bieliavsky-Tang-Yao

W: Weyl algebra bundle

D abelian connection (of Fedosov) :
Γ∞(W ⊗

∧
)→ Γ∞(W ⊗

∧
), Leibnitz + ∀a ∈ Γ∞(W ⊗

∧
),

D2a = 0.
WD := {a,Da = 0}.
Theorem(Fedosov) For all a0 ∈ C∞(M)[[~]], there exists a
unique section a ∈WD, noted as σ−1(a0), such that
σ(a) = a0.
σ(a): σ(a) = a(x ,0, ~).
Corollary WD ↔ C∞(M)[[~]]. We can then define on
C∞(M)[[~]] an associative product

a ? b = σ(σ−1(a) ◦ σ−1(b)).
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Universal Deformation Formula (UDF) for a Hopf algebra H:
F ∈ H ⊗H[[~]]:

((∆⊗ 1)F )(F ⊗ 1) = ((1⊗∆)F )(1⊗ F ).

h1 : Solvable 2 dimensional Lie algebra, [Y,X]=X
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Geom. Interp. of RC def.: Simplified case

UDF for U(h1):

(Connes-Moscovici)reduced Rankin-Cohen:

RCred =
∞∑

n=0

~n

n!

n∑
k=0

[
(−1)k

(
n
k

)
X k (2Y + k)n−k ⊗ X n−k (2Y + n − k)k

]
,

(BTY) reduced Rankin-Cohen u Moyal over H;
(Giaquinto-Zhang)

F =
∞∑

n=0

~n

n!

n∑
r=0

(−1)r
(

n
r

)
X n−r Yr ⊗ X r Yn−r ,

(BTY)Giaquinto-Zhang u Moyal over H.
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Fedosov’s Construction
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Geom. Interp. of RC Deformations

On the upper-half plane, we construct the connection:

∇ ∂
∂x1

∂

∂x1
= µ(x1, x2)

∂

∂x2
, ∇ ∂

∂x1

∂

∂x2
=

1
2x2

∂

∂x1
,

∇ ∂
∂x2

∂

∂x1
=

1
2x2

∂

∂x1
, ∇ ∂

∂x2

∂

∂x2
= − 1

2x2

∂

∂x2
.

Da = 0 → system of differential equations;
a0,0 = f , resolution by induction.
X = 1

x2

∂
∂x1

, Y = −x2
∂
∂x2

,

Am+1 = −XAm −m µ

x3
2

(
Y − m−1

2

)
Am−1,

Bm+1 = XBm −m µ

x3
2

(
Y − m−1

2

)
Bm−1.
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Geom. Interp. of RC Deformations

(Bieliavsky-Tang-Yao)

Geometric Realization of Rankin-Cohen Deformations

+
Full Injectivity

=Deformation Formula on the Hopf algebra level
(Bieliavsky-Tang-Yao)

connection ↔ Ω.
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Motivations

Fedosov’s Construction
Bieliavsky-Tang-Yao

(Tang-Yao)using Fedosov’s quantization of symplectic
diffeomorphisms, we found a universal formula for H1 without
any projectivity assumption.

Question: Explicit formula?
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Rankin-Cohen via Representation
Rankin-Cohen and Henkel forms

Motivations

From Modular Forms to Discrete Series
Applications to Formal Deformations

Construction of Discrete Series

M2k (Γ) 3 f ↔ (σ2k f )(g) ∈ C∞(Γ\SL2(R)),

f ↔ (σ2k f )(g) = (ci + d)−2k f
(

ai + b
ci + d

)
,

Natural right action of SL2(R) on C∞(Γ\SL2(R)):
(π(h)F )(g) = F (gh),
Representation of SL2(R)→ Representation of the
complexified Lie algebra sl2(C).
It is a discrete series of weight 2k .

representation space
(σ2(k+n))−1, n≥0
−−−−−−−−−−→⊂ C∞(H).
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Rankin-Cohen in NCG

Rankin-Cohen via Fedosov
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Rankin-Cohen and Henkel forms

Motivations

From Modular Forms to Discrete Series
Applications to Formal Deformations

Theorem. Let f ∈M2k ,g ∈M2l be two modular forms. Let
πf
∼= πdeg f , πg ∼= πdeg g be the corresponding discrete series

representations of the Lie group SL2(R).

The tensor product of
these two representations can be decomposed into a direct
sum of discrete series,

πf ⊗ πg =
⊕
n=0

πdeg f +deg g+2n.

The Rankin-Cohen bracket [f ,g]n gives (up to scale) the
vectors of minimal K -weight in the representation space of the
component πdeg f +deg g+2n.
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Motivations

From Modular Forms to Discrete Series
Applications to Formal Deformations

Deligne(1973):

Remarque 2.1.4. L’espace F (G,GL(2,Z)) ci-dessus est
stable par produit. D’autre part, Dk−1 ⊗ Dl−1 contient les
Dk+l+2m−1(m ≥ 0) . Pourm = 0 , ceci correspond au fait
que le produit fg d’une forme modulaire holomorphe de
poids k par une de poids l , en est une de poids k + l . Pour
m = 1 , en coordonnées (1.1.5.2), on trouve que

l
∂f
∂z
.g− kf .

∂g
∂z

est modulaire holomorphe de poids k + l + 2
, et ainsi de suite. De même dans le cadre adélique.
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Motivations

From Modular Forms to Discrete Series
Applications to Formal Deformations

Explicit Formulae

M(Γ) ⊂ M̃(Γ) :=
{

f , ∃k ∈ N , f (z) =
(

f
∣∣∣
2k
γ
)

(z)
}
.

X̃ : M̃(Γ)→ M̃(Γ):

X̃ f =
1

2πi
df
dz
− 2kf

4πIm(z)
,

[Y , X̃ ] = X̃ ,
OnM(Γ):

RC(X ,Y ,δk ) = RCred ,(X̃ ,Y ).
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Motivations

From Modular Forms to Discrete Series
Applications to Formal Deformations

Tensor algebra

M̃(Γ)⊗ =
∑

n

M̃(Γ)⊗n,

M : M̃(Γ)⊗ → M̃(Γ), f1 ⊗ f2 ⊗ · · · ⊗ fn 7→ f1f2 · · · fn.

X̃ (f1 ⊗ f2 ⊗ · · · ⊗ fn) =
n∑

i=1

f1 ⊗ f2 ⊗ · · · ⊗ X̃ fi ⊗ · · · ⊗ fn,

deg(f1 ⊗ f2 ⊗ · · · ⊗ fn) =
n∑

i=1

deg fi .
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From Modular Forms to Discrete Series
Applications to Formal Deformations

? : M̃(Γ)⊗[[~]]× M̃(Γ)⊗[[~]]→ M̃(Γ)⊗[[~]]: bilinear extension +

f ? g =
∑ An(deg f ,deg g)

(deg f )n(deg g)n

(
n∑

r=0

(−1)r X̃ r
(

deg f + n − 1
n − r

)
f

⊗X̃ n−r
(

deg g + n − 1
r

)
g

)
~n,

where f ,g ∈ M̃(Γ)⊗.

→ Strong Associativity.
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Applications to Formal Deformations

Theorem(Yao). Cohen-Manin-Zagier have found all the
associative formal products
∗ : M̃(Γ)[[~]]× M̃(Γ)[[~]]→ M̃(Γ)[[~]] defined by linearity and
the formula

f ∗ g =
∑ An(deg f ,deg g)

(deg f )n(deg g)n
[f ,g]n~n, (1)

where M̃ is the space of the functions which satisfy the
modularity condition, and the notation
(α)n := α(α + 1) · · · (α + n − 1). We assume moreover A0 = 1
and A1(x , y) = xy,
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Proposition(Yao). Let Γ be a congruence subgroup of SL2(Z)
such thatM(Γ) admit the unique factorization property (for
example SL2(Z) itself), let F1,F2,G1,G2 ∈M(Γ) such that

RC(F1,G1) = RC(F2,G2),

as formal series inM(Γ)[[~]], then there exists a constant C
such that

F1 = CF2,G2 = CG1.
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Ex. we want to show that there does not exist any positive integer
roots of the multivariable polynomial

P3(k, l,m, r, t)
= 4l(r + t)(−3k2r2 − 2k3r2 + 3klr2 + 2kl2r2 − 6kmr2 − 15k2mr2 − 3k3mr2 + 3lmr2

−9klmr2 − 6k2lmr23kl2mr2 − 3m2r2 − 24km2r2 − 15k2m2r2 − 9lm2r2

−24klm2r2 − 9l2m2r2 − 11m3r2 − 21km3r2 − 18lm3r2 − 9m4r2 + 12k2rt + 17k3rt
+3k4rt + 6klrt + 21k2lrt + 6k3lrt + 4kl2rt + 3k2l2rt + 24kmrt + 51k2mrt + 24k3mrt
+6lmrt + 42klmrt + 42k2lmrt + 4l2mrt + 18kl2mrt + 12m2rt + 51km2rt + 42k2m2rt
+21lm2rt + 42klm2rt + 3l2m2rt + 17m3rt + 24km3rt + 6lm3rt + 3m4rt− 3k2t2

−11k3t2 − 9k4t2 + 3klt2 − 9k2lt2 − 18k3lt2 + 2kl2t2 − 9k2l2t2 − 6kmt2 − 24k2mt2

−21k3mt2 + 3lmt2 − 9klmt2 − 24k2lmt2 + 2l2mt2 − 3kl2mt2 − 3m2t2 − 15km2t2

−15k2m2t2 − 6klm2t2 − 2m3t2 − 3km3t2 + 2l2mr2).

where t = µ[(k+3m)(k+l+m)+(k+m)], r = µ[(3k+m)(k+l+m)+(k+m)].

P3(k, l,m, µ[(3k + m)(k + l + m) + (k + m)], µ[(3k + m)(k + l + m) + (k + m)])
= µ3(48k5l + 320k6l + 720k7l + 672k8l + 256k9l + 96k4l2 + 960k5l2 + 2976k6l2 + 3552k7l2

+1536k8l2 + 640k4l3 + 3792k5l3 + 6624k6l3 + 3584k7l3 + 1536k4l4 + 5280k5l4

+4096k6l4 + 1536k4l5 + 2304k5l5 + 512k4l6 + 240k4lm + 1920k5lm + 5232k6lm
+5760k7lm + 2304k8lm + 384k3l2m + 4800k4l2m + 18240k5l2m + 26016k6l2m
+12288k7l2m + 2560k3l3m + 19152k4l3m + 40896k5l3m + 25088k6l3m + 6144k3l4m
+26784k4l4m + 24576k5l4m + 6144k3l5m + 11520k4l5m + 2048k3l6m + 480k3lm2

+4800k4lm2 + 16080k5lm2 + 21120k6lm2 + 9216k7lm2 + 576k2l2m2 + 9600k3l2m2

+46176k4l2m2 + 80352k5l2m2 + 43008k6l2m2 + 3840k2l3m2 + 38496k3l3m2

+103968k4l3m2 + 75264k5l3m2 + 9216k2l4m2 + 53952k3l4m2 + 61440k4l4m2

+9216k2l5m2 + 23040k3l5m2 + 3072k2l6m2 + 480k2lm3 + 6400k3lm3 + 27120k4lm3

+43392k5lm3 + 21504k6lm3 + 384kl2m3 + 9600k2l2m3 + 61824k3l2m3 + 135840k4l2m3

+86016k5l2m3 + 2560kl3m3 + 38496k2l3m3 + 139392k3l3m3 + 125440k4l3m3

+6144kl4m3 + 53952k2l4m3 + 81920k3l4m3 + 6144kl5m3 + 23040k2l5m3

+2048kl6m3 + 240klm4 + 4800k2lm4 + 27120k3lm4 + 54720k4lm4 + 256lm9

+32256k5lm4 + 96l2m4 + 4800kl2m4 + 46176k2l2m4 + 135840k3l2m4

+107520k4l2m4 + 640l3m4 + 19152kl3m4 + 103968k2l3m4 + 125440k3l3m4

+1536l4m4 + 26784kl4m4 + 61440k2l4m4 + 1536l5m4 + 11520kl5m4 + 512l6m4

+48lm5 + 1920klm5 + 16080k2lm5 + 43392k3lm5 + 32256k4lm5 + 960l2m5

+18240kl2m5 + 80352k2l2m5 + 86016k3l2m5 + 3792l3m5 + 40896kl3m5

+75264k2l3m5 + 5280l4m5 + 24576kl4m5 + 2304l5m5 + 320lm6 + 5232klm6

+21120k2lm6 + 21504k3lm6 + 2976l2m6 + 26016kl2m6 + 43008k2l2m6

+6624l3m6 + 25088kl3m6 + 4096l4m6 + 720lm7 + 5760klm7 + 9216k2lm7

+3552l2m7 + 12288kl2m7 + 3584l3m7 + 672lm8 + 2304klm8 + 1536l2m8).
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Rankin-Cohen in Number Theory
Rankin-Cohen in NCG

Rankin-Cohen via Fedosov
Rankin-Cohen via Representation
Rankin-Cohen and Henkel forms

Motivations

Bergman spaces

D : unit disk in the complex plane C.

η(z) = 1− |z|2, and dσ(z) = (1/π)dxdy .
weighted Bergman space A2α(D) (α > −1) :

{f : ∂̄f = 0,
∫

D
|f (z)|2ηαdσ(z) <∞}.

SL(2,R) action:

π2k (γ)(f )(z) = f (
az + b
cz + d

)(cz + d)−α.

Yi-Jun YAO� �Ô NCG and RC Brackets d’après Cohen, Cohen-Manin-Zagier, Eholzer Connes-Moscovici, Bieliavsky-Rochberg-Tang-Yao
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Rankin-Cohen in Number Theory
Rankin-Cohen in NCG

Rankin-Cohen via Fedosov
Rankin-Cohen via Representation
Rankin-Cohen and Henkel forms

Motivations

Henkel form:

SL2(R) equivariant bilinear map from
A2k (D)× A2l(D) to A2k+2l+2i that corresponds to the projection
from A2k (D)⊗ A2l(D) to A2k+2l+2i .

Π2i(f ,g)(z) =
i∑

s=0

(−1)i−s
(

i
s

)
1

(w(f ))s(w(g))i−s
∂sf∂ i−sg,

where w(f ) and w(g) are weights of f and g.
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Algebra BΓ

Σ : complex domain of dimension 1;

Γ : pseudogroup acting on Σ by holomorphic
transformations;
T 1,0Σ : holomorphic tangent bundle of Σ, equipped with a
Γ action

γ(x , y) = (γ(x), ∂xγ(x)y),

where (x , y) is a point on σ;
AT 1,0Σ : space of holomorphic functions on T 1,0Σ;
action of Γ on T 1,0Σ induces an action of Γ on AT 1,0Σ;
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Motivations

Proposition(Rochberg-Tang-Yao). Connes-Moscovici’s Hopf
algebra H1 acts naturally on the algebra BΓ. The reduced i-th
Rankin-Cohen bracket on ⊕n≥0A2n(D) is a Hankel form of
weight 2i .
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Motivations

Moyal product : f , g ∈ S(R2),

f ∗ g =
∑

n

~n

n!

n∑
i=0

(−1)i
(

n
i

)
∂nf

∂x i∂yn−i
∂ng

∂xn−i∂y i .

Weyl product : f , g ∈ S(R2),

(f ∗W g)(x , y) =

∫
R2

∫
R2

f (x + u1, y + u2)g(x + v1, y + v2)

e2πi(u1v2−u2v1) d2ud2v .

Weyl
asymptotic expansion
−−−−−−−−−−−−−−−−−→ Moyal
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Motivations

Rieffel :
C∗-algebra A, α : R2 → Aut(A);

a, b ∈ A∞,

a ∗ b =

∫
R2

∫
R2
αu(a)αv (b)e2πi(u1v2−u2v1) d2ud2v .

complete into a C∗-algebra strict deformation.
K -theory of the deformed algebra is the same as that of
the original one.
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Motivations

Rieffel ←−−−− Weyl
asymptotic expansion
−−−−−−−−−−−−−−−−−→

Moyal

y y y
? ←−−−− ?

asymptotic expansion
−−−−−−−−−−−−−−−−−→ Rankin-Cohen
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